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Uniqueness of immersed spheres in three-manifolds
Jose´ A. Ga´lvez and Pablo Mira
Abstract. Let A be a class of immersed surfaces in a three-manifold M , and assume that A is
modeled by an elliptic PDE over each tangent plane. In this paper we solve the so-called Hopf
uniqueness problem for the class A under the only mild assumption of the existence of a transitive
family of candidate surfaces S ⊂ A. Specifically, we prove that any compact immersed surface
of genus zero in the class A is a candidate sphere. This theorem unifies and extends many
previous uniqueness results of different contexts. As an application, we settle in the affirmative
a 1956 conjecture by A.D. Alexandrov on the uniqueness of immersed spheres with prescribed
curvatures in R3.
1. Introduction
Two deeply influential results model the geometry of compact constant mean curvature (CMC)
surfaces in Euclidean three-space R3.
First, Alexandrov’s theorem [4] states that any compact embedded CMC surface in R3 is a
round sphere. The proof uses the maximum principle for elliptic PDEs, the existence of ambient
reflections and a sweeping procedure. The proof works in great generality for other classes of
hypersurfaces in Riemannian manifolds, and also for elliptic PDEs, where it is known as the
moving planes method and has become one of the most important tools for proving uniqueness
results (see [15] and subsequent works).
And second, Hopf’s theorem [24] states that any immersed compact CMC surface of genus
zero in R3 is a round sphere. The proof uses holomorphicity of the so-called Hopf differential,
or alternatively, the Poincare´-Hopf index theorem applied to principal line fields. The arguments
are specific of dimension two. Hopf’s theorem has been generalized to a large number of fami-
lies of surfaces and geometric situations, but these generalizations usually need of many ad hoc
computations and considerations, depending on the chosen context.
In this paper we prove an extremely general version of Hopf’s theorem. In it, we substitute R3
by an arbitrary orientable three-manifold M , the class of CMC surfaces by an arbitrary class of
immersed oriented surfaces A in M modeled by a (possibly fully nonlinear) elliptic PDE on each
tangent plane, and the role of round spheres by the existence of a family of candidate examples
for which uniqueness is aimed. In these very general conditions, we prove that any surface of
A diffeomorphic to S2 is a candidate example (if no candidate example is diffeomorphic to S2,
we obtain a non-existence result). This theorem somehow mimics the generality of the moving
planes method by Alexandrov, but for the context of compact surfaces of genus zero with arbitrary
self-intersections in three-manifolds.
When the ambient space M is R3, or more generally a simply connected Riemannian homo-
geneous three-manifold, our general uniqueness theorem unifies and generalizes a large amount of
the previously known theorems on uniqueness of compact surfaces of genus zero satisfying some
elliptic geometric condition; see Section 4 for the details.
There is an application of special relevance of our uniqueness study: an affirmative solution
to a long-standing conjecture by A.D. Alexandrov [4] on the uniqueness of immersed spheres in
R3 that satisfy a prescribed elliptic relation between their principal curvatures and Gauss map.
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See Section 5 for a specific statement of the conjecture (Theorem 5.1) and its proof, as well as for
an explanation of the historical context of this conjecture and its importance. As a byproduct,
we solve another classical problem studied among others by Hopf, Chern, Alexandrov, Pogorelov
or Hartman and Wintner: the classification of elliptic Weingarten spheres in R3. Specifically, we
prove (Corollary 5.3) that round spheres are the only immersed spheres in R3 whose principal
curvatures κ1 ≥ κ2 satisfy a Weingarten relation W (κ1, κ2) = 0, with W ∈ C1 verifying the
ellipticity condition Wκ1Wκ2 > 0 at umbilical points.
We state our main general result in Section 2, and prove it in Section 3. In Section 4 we
explore some applications. Sections 5 is devoted to proving the Alexandrov conjecture in R3.
2. The general uniqueness theorem
2.1. Statement of the result. Let M be a smooth orientable three-manifold, and A be a
class of immersed oriented surfaces in M . By a sphere or immersed sphere in M we will mean a
compact, possibly self-intersecting, surface of genus zero immersed in M . We assume all surfaces
to be smooth, i.e. of class C∞.
Consider for every immersed oriented surface Σ in M its associated Legendrian lift LΣ : Σ→
G2(M) into the Grassmannian of oriented 2-planes in TM , which assigns to each q ∈ Σ the value
LΣ(q) = (q, TqΣ) ∈ G2(M).
Definition 2.1. Let S be a family of immersed oriented surfaces in M . We say that S is a
transitive family if the family of Legendrian lifts {LS : S ∈ S} satisfies:
(1) Each LS is an embedding into G2(M).
(2) For every (p,Πp) ∈ G2(M) there exists a unique S = S(p,Πp) ∈ S with (p,Πp) ∈ LS.
(3) The family S = {S(p,Πp) : (p,Πp) ∈ G2(M)} is C3 with respect to (p,Πp).
If we endow M with a Riemannian metric 〈, 〉, then G2(M) is naturally identified the unit
tangent bundle TU(M) of (M, 〈, 〉), and the map LΣ can be written as LΣ(q) = (q,N(q)), where
N denotes the unit normal of Σ.
The family of all planes in R3, or the one of all horospheres in the hyperbolic three-space H3,
are trivial examples of transitive families. Also, if S ⊂ R3 denotes a compact, strictly convex
surface in R3, the family {p+ S : p ∈ R3} of all its translations also constitutes a transitive family
in R3. Another example of transitive family S in R3 is obtained as follows: consider a complete
strictly convex graph S ⊂ R3 over a smooth convex bounded open region D ⊂ R2, and assume
that S converges C3 asymptotically to the cylinder ∂D × R. Then, the family S given as the set
whose elements are S, the cylinder ∂D × R, the pi-rotation of S with respect to some horizontal
straight line, and all possible translations in R3 of these surfaces, is a transitive family in R3.
This type of constructions of transitive families using translations on the ambient space can be
easily generalized to the context of metric Lie groups (i.e. three-dimensional Lie groups endowed
with some left invariant metric), by means of the concept of left invariant Gauss map of a surface
(see, e.g. [13, 27, 28, 29]). In particular, for specific applications, we will use in Section 4 the
following construction:
Example 2.2. Suppose that M is diffeomorphic to R3 or S3, and endow M with some metric
Lie group structure. Let S be an immersed sphere in M with the property that its left invariant
Gauss map g : S → S2 with respect to this metric Lie group structure is a diffeomorphism. Then
the family of S and all of its left translations in M is a transitive family in M . We observe that in
this case the sphere S may be non-embedded, see Remark 3.5 in [28].
Informally, we will say that a class of immersed surfaces in M is modeled by an elliptic PDE
if its elements are characterized locally as solutions to some elliptic PDE when viewed as graphs
over each of their tangent planes. We formalize this idea next.
Let Φ = Φ(x, y, z, p, q, r, s, t) ∈ C1,α(U), where U ⊂ R8 is an open convex set. Following [25],
we will say that the second order PDE in two variables
(2.1) Φ(x, y, u, ux, uy, uxx, uxy, uyy) = 0
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is absolutely elliptic if Φr > 0 and 4ΦrΦt −Φ2s > 0 hold on U . Up to a change of variables, we will
assume that the convex domain U ⊂ R8 intersects the vector space x1 = · · · = x5 = 0 of R8.
A function u ∈ C2(D) on some planar domain D ⊂ R2 is a solution to Φ = 0 if
{(x, y, u, ux, uy, uxx, uxy, uyy) : (x, y) ∈ D} ⊂ U ,
and u = u(x, y) satisfies (2.1).
Let Υ denote the set of pairs (p,Π), where p ∈M and Π is an oriented 2-plane in TpM . Let us
define for each (p,Π) ∈ Υ an absolutely elliptic PDE Φ(p,Π) = 0, in terms of some local coordinates
(x, y, z) in M around p, so that in these coordinates p = (0, 0, 0) and Π = span{∂x(0), ∂y(0)} with
its usual orientation. We call (x, y, z) adapted coordinates to (p,Π) ∈ Υ. We will say that the
family
(2.2) {Φ(p,Π) = 0 : (p, pi) ∈ Υ}
is an elliptic PDE field on M . Observe that we do not assume in general any continuity with
respect to (p,Π) in the choices of the absolutely elliptic PDEs Φ(p,Π) = 0.
A solution to the elliptic PDE field (2.2) is an immersed oriented surface Σ in M such that
for every q ∈ Σ we have that Σ is a solution to the absolutely elliptic PDE Φ(q,TqΣ) = 0 when we
view Σ as a sufficiently small graph over (q, TqΣ); that is, when we view Σ around q as a graph
z = u(x, y) w.r.t. the coordinates (x, y, z) adapted to (q, TqΣ), so that u ∈ C2(D(0; )) for  > 0
small enough, and u(0, 0) = ux(0, 0) = uy(0, 0) = 0.
Definition 2.3. We say that a class A of immersed oriented surfaces in M is modeled by an
elliptic PDE if its elements coincide with the space of solutions of an elliptic PDE field.
One should note the generality of this definition: if a class of surfaces A in a three-manifold
M is defined by some differential geometric condition that can be rewritten as an elliptic PDE
over each tangent plane, then A is modeled by an elliptic PDE in the sense of Definition 2.3. A
very particular case is given by the surfaces of constant mean curvature H ∈ R in a Riemannian
three-manifold (M, g).
Our main theorem solves the Hopf uniqueness problem for arbitrary classes of surfaces modeled
by elliptic PDEs in arbitrary orientable three-manifolds, provided there exists a transitive family
of examples within the class:
Theorem 2.4. Let A be a class of immersed oriented surfaces in M such that:
(1) A is modeled by an elliptic PDE.
(2) There is a transitive family S ⊂ A. We will call them the candidate surfaces of A.
Then, any immersed sphere Σ ∈ A is a candidate sphere, i.e. Σ ∈ S.
In particular, if the transitive family S contains no spheres, this is a non-existence theorem.
More generally, we will prove:
Theorem 2.5. Let A be a class of immersed oriented surfaces in M as in the statement of
Theorem 2.4. Then there exists a symmetric C1 bilinear form σ globally defined on any Σ ∈ A,
such that:
(1) σ vanishes at p ∈ Σ if and only if Σ has at p a contact of order k ≥ 2 with some S ∈ S.
(2) σ vanishes identically on Σ if and only if Σ is an open piece of some S ∈ S.
(3) If σ does not vanish identically on Σ, then σ only has isolated zeros, and the null directions
of σ determine on Σ two C1 line fields with isolated singularities of negative index.
Note that Theorem 2.4 follows from Theorem 2.5 by the Poincare´-Hopf theorem. Similarly,
Theorem 2.5 implies that if A is a class of surfaces as in Theorem 2.4, then any compact surface
of genus g ≥ 1 of A has at most 4g − 4 points where it has a contact of order k ≥ 2 with some
candidate surface S ∈ S. This provides a wide extension of a well-known similar theorem on
umbilics of compact CMC surfaces in R3.
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2.2. Discussion of the result. Theorem 2.4 provides two sufficient conditions in order to
solve the Hopf uniqueness problem for a class of surfaces A in a three-manifold M . The ellipticity
condition for A is a standard geometric hypothesis, and without it (or some reformulation of it),
uniqueness of spheres seems unlikely to hold. Thus, the only restrictive hypothesis in Theorem 2.4
is the existence of a transitive family of surfaces S ⊂ A. One should observe that without any
hypothesis other than ellipticity for the class of surfaces A, the Hopf uniqueness problem for A
seems unclear to formulate, and hopeless to be solved in that generality. Also, one should observe
that the existence of a transitive family S ⊂ A implies, in particular, that the field of elliptic PDEs
that defines A has solutions.
For many important cases of surfaces modeled by elliptic PDEs, the existence of a transitive
family is trivial. For example, for elliptic Weingarten functionals in R3, the family of round
spheres of an adequate radius in R3 forms a transitive family. In many other natural uniqueness
problems, the existence of a transitive family is basically given as a hypothesis (see for example the
Alexandrov conjecture in Section 5). In other prescribed curvature problems, transitive families
can be obtained as the family of translations of a convex solution, and the existence of such convex
solutions has been established by elliptic theory methods, see e.g. [16, 31].
A case of special geometric interest consists of the classes of surfaces A modeled by elliptic
PDEs that are invariant under ambient rotations. This type of families includes, for instance, the
case of elliptic Weingarten surfaces in rotationally symmetric homogeneous three-manifolds, and
in particular the case of CMC surfaces in these spaces. A very influential result in this context is
the theorem by U. Abresch and H. Rosenberg [1, 2] that immersed CMC spheres in rotationally
symmetric homogeneous three-manifolds are spheres of revolution.
Theorem 2.4 can be applied to this rotationally symmetric context, since in these conditions
one can study the existence of a transitive family within the class by ODE analysis. This line of
inquiry is studied by the authors in [14], which is a natural continuation of the present paper.
Specifically, in [14] we give a substantial generalization of the Abresch-Rosenberg theorem, going
from CMC surfaces to more general classes of surfaces modeled by rotationally symmetric elliptic
PDEs in homogeneous three-manifolds.
Nonetheless, in general, the problem of existence of a transitive family of solutions can be very
hard for some classes of surfaces. In [29] the second author proved jointly with Meeks, Pe´rez and
Ros that if X is a homogeneous manifold diffeomorphic to S3, then for every H ∈ R there exists an
immersed sphere SH of constant mean curvature H, which is actually the only immersed sphere
with constant mean curvature H in X up to congruence. The existence part in [29] shows that, for
each H ∈ R, the family of spheres in X congruent to SH constitutes a transitive family (since their
left invariant Gauss maps in X are diffeomorphisms). Once we know this existence, the uniqueness
statement proved in [29] can be obtained alternatively as a direct consequence of Theorem 2.4.
3. Proof of the general uniqueness theorem
Let A be a class of surfaces in the conditions of Theorem 2.4 in the orientable three-manifold
M . We consider on M an auxiliary, arbitrary, Riemannian metric 〈, 〉. For each candidate surface
S ∈ S we consider its second fundamental form IIS in (M, 〈, 〉). Then, the property that S is a
transitive family of surfaces allows to define on the unit tangent bundle TU(M) the map Λ that
assigns to each (p, v) ∈ TU(M) the second fundamental form IIS evaluated at p of the unique
candidate surface S that has at p the unit normal v.
It is useful for our purposes to write this map Λ in coordinates. Given (q, w) ∈ TU(M),
consider coordinates (x, y, z) in M around q = (0, 0, 0) with gij(q) = δij for the metric 〈, 〉, and so
that w = (0, 0, 1) in the basis {∂x, ∂y, ∂z} at the origin. In these coordinates we can consider some
O ⊂ R3 × S2+ to be a neighborhood of (q, w) in TU(M). Note that if (p, v) ∈ O, a basis for the
tangent plane at p of the candidate sphere S determined by (p, v) is
(3.1) E1(p, v) = (1, 0,−η1/η3), E2(p, v) = (0, 1,−η2/η3),
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where (η1, η2, η3) := (v1, v2, v3) · G(p); here G(p) = (gij(p)) is the matrix of the metric at p. This
lets us define the 2× 2 matrix MII(p, v) associated to the second fundamental form IIS of S at p
in terms of the basis {E1(p, v), E2(p, v)}. In this way, we can regard the map Λ in coordinates as
(3.2) Λ : O ⊂ R3 × S2+ →M2×2(R), Λ(p, w) = MII(p, w).
By the regularity assumed for the family of candidate surfaces S ⊂ A, we see that Λ is a C1 map.
Let now ψ : Σ → M be any immersed oriented surface in M with unit normal N , and let
Lψ = (ψ,N) : Σ→ TU(M) be its associated Legendrian immersion into TU(M). Then, the map
M := Λ ◦ Lψ defines a symmetric C1 bilinear form M on Σ.
Let II denote the second fundamental form of Σ. Then we can define on Σ the symmetric C1
bilinear form
(3.3) σ := II −M : TΣ× TΣ→ C1(Σ).
Two properties follow automatically from the definition:
(1) The tensor σ vanishes identically on every candidate surface S ∈ S.
(2) The tensor σ vanishes at some point q ∈ Σ if and only if Σ has at q a contact of order
k ≥ 2 with some candidate surface S.
Our objective is to understand the behavior of σ around its zeros for surfaces Σ ∈ A. So, assume
that Σ ∈ A, let q ∈ Σ and consider the unique candidate surface S that has an oriented first order
contact point with Σ at q. We can parametrize locally Σ in a neighborhood of q as an immersion
ψ(u, v) = (u, v, h(u, v)) with respect to some local coordinates (x, y, z) in M around q = (0, 0, 0),
so that ψ is defined on some disk D(0; δ), ψ(0, 0) = (0, 0, 0) and ∇h(0, 0) = (0, 0). Let ∇ denote
the Riemannian connection of M and G := (gij) be the matrix of the metric 〈, 〉 with respect to the
coordinates (x, y, z). Then, writing vectors in coordinates with respect to {∂x, ∂y, ∂z}, we obtain
that the unit normal N associated to ψ is given by
N =
Z1 × Z2
||Z1 × Z2|| , Z1 = ψu · (G ◦ ψ), Z2 = ψv · (G ◦ ψ),
where × is the usual cross product in R3. Let e = 〈∇ψuψu, N〉, f = 〈∇ψuψv, N〉 and g =
〈∇ψvψv, N〉 denote the coefficients of the second fundamental form II of ψ(u, v). A standard
computation shows that there exist smooth functions Φe,Φf ,Φg, with Φe = Φe(x, y, z, p, q, w),
etc., such that
(3.4) e = Φe(u, v, h, hu, hv, huu), f = Φ
f (u, v, h, hu, hv, huv), g = Φ
g(u, v, h, hu, hv, hvv).
Let now ψ∗(u, v) = (u, v, h∗(u, v)) be a parametrization of the candidate sphere S around q, also
with respect to the coordinates (x, y, z) in M . Since S,Σ have (at least) a first order contact point
at q, we have h∗(0, 0) = 0, ∇h∗(0, 0) = (0, 0). The coefficients of the second fundamental form
e∗, f∗, g∗ of ψ∗ then satisfy (3.4) in terms of h∗ and its derivatives (but for the same functions
Φe,Φf ,Φg). Thus,
(3.5) e− e∗ = Φe1(h− h∗) + Φe2(hu − h∗u) + Φe3(hv − h∗v) + Φe4(huu − h∗uu),
where Φe1(u, v) :=
∫ 1
0
∂Φe
∂z (u, v, h
τ , hτu, h
τ
v , h
τ
uu)dτ being h
τ (u, v) := (1 − τ)h(u, v) + τh∗(u, v), etc.
The functions Φei (u, v) are smooth in a neighborhood of (0, 0). Similar formulas hold for f − f∗
and g− g∗. Since the unit normal of both ψ and ψ∗ at (0, 0) is (0, 0, 1), a computation shows that
(3.6) Φe4(0, 0) = Φ
f
4 (0, 0) = Φ
g
4(0, 0) = 1.
Next, observe that as both Σ, S belong to the class A, there exists a C1,α-smooth elliptic PDE
(2.1) with respect to the (x, y, z) coordinates so that Σ, S can be seen as graphs of solutions to
(2.1). That is, the functions h, h∗ are solutions to (2.1). In these conditions, it is well known that
the function h−h∗ satisfies a linear homogeneous elliptic PDE with C0,α coefficients. Hence, after
a linear change of coordinates in the (u, v)-variables, it follows from Bers’ theorem [7] that if h−h∗
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Figure 1. Comparison of Σ with its tangent candidate at each point.
is not identically zero around the origin there exists a homogeneous harmonic polynomial w(u, v)
of degree k ≥ 2 such that
(3.7) h(u, v)− h∗(u, v) = w(u, v) + o(
√
u2 + v2)k.
Let now Aσ, AII and AM be the matrices associated to σ, II and M at the point ψ(u, v)
with respect to the (ψu, ψv)-basis, and let BII denote the matrix associated to IIS at the point
ψ∗(u, v) with respect to the (ψ∗u, ψ
∗
v)-basis, where IIS is the second fundamental form of S. Then,
from (3.3) we have
(3.8) Aσ = AII −AM = (AII −BII) + (BII −AM) : (u, v) 7→ M2×2(R).
Combining (3.5), (3.6) and (3.7) we deduce that
(3.9) AII −BII =
(
wuu wuv
wuv wvv
)
+ o(
√
u2 + v2)k−2.
Let us now compute BII − AM. By definition, M = Λ ◦ Lψ. By the local representation
in coordinates of Λ in (3.2), we may regard Λ ◦ Lψ as a map taking values on M2×2(R), and
whose value at each p ∈ Σ is the matrix of the second fundamental form IIS at p of the candidate
surface S determined by (p,N(p)), with respect to the basis (3.1) of TpS. Now, we can observe
that the vector fields {E1, E2} in (3.1), when restricted to be vector fields along Lψ, are precisely
ψu = (1, 0, hu) and ψv = (0, 1, hv). All of this shows that there exists a C
1 map Ψ(x, y, z, p, q)
from a neighborhood of the origin in R5 into M2×2(R), such that
(3.10) AM = Ψ(u, v, h, hu, hv).
Regarding BII , we note that since IIS =M on S, the same process as above shows that
(3.11) BII = Ψ(u, v, h
∗, h∗u, h
∗
v),
for the same C1 function Ψ defined previously. Thus, we obtain using (3.7) that
(3.12) BII −AM = o(
√
u2 + v2)k−2.
Putting together (3.8), (3.9), (3.12) we conclude that either h = h∗ around (0, 0) (which implies
σ = 0 around q), or
(3.13) Aσ =
(
wuu wuv
wuv wvv
)
+ o(
√
u2 + v2)k−2,
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where w(u, v) is a harmonic homogeneous polynomial of degree k ≥ 2. Let U := {q ∈ Σ : σ(q) = 0}.
If q ∈ U − int(U), we see from (3.13) that q is isolated in U . From here, a connectedness argument
shows that either σ vanishes identically on Σ and Σ is an open subset of S, or else all points of
U are isolated. In this second case, (3.13) yields that σ is a Lorentzian metric on Σ − U , whose
null directions at any q ∈ Σ− U coincide with the asymptotic directions in R3 of the graph of the
homogeneous harmonic polynomial w(u, v), given by equation Re(wζζdζ
2) = 0, where ζ := u+ iv.
By harmonicity of w, the index of these null directions around q is negative. Thus, these null
directions determine a pair of continuous line fields on Σ−U that present isolated singularities of
negative index at the points of U . This is impossible if Σ is diffeomorphic to S2, by the Poincare´-
Hopf index theorem. Thus, Σ is an open piece of S. In particular, we have proved that σ ≡ 0 can
only hold (even locally) if Σ is an open subset of a candidate surface S ∈ S. This proves Theorems
2.5 and 2.4.
4. Geometric applications
Let S ⊂ R3 be a closed, strictly convex surface, and suppose that S is a solution to some
geometric problem invariant by translations in R3, and whose solutions are determined by a C1,α
elliptic PDE over each tangent plane. Then, Theorem 2.4 implies that any immersed sphere Σ
which is also a solution to this geometric problem must be a translation of S. A similar claim
remains true if we substitute R3 by H3 or S3. In this way, many uniqueness results of surface
theory can be seen as direct consequences of Theorem 2.4, among which we quote:
(1) The theorem by Hartman and Wintner [23] that W -spheres in R3, S3 and H3 are round
spheres (W -surfaces are defined by an elliptic C2 Weingarten relation W (H,K) = 0
between their mean and Gauss curvature). The Hartman-Wintner theorem is, in itself, a
generalization of many classical uniqueness theorems, and in particular of Hopf’s theorem
for CMC spheres mentioned in the introduction.
(2) The classical theorem by Alexandrov [4] on the uniqueness of ovaloids in R3 with a
prescribed C2 elliptic relation between its principal curvatures and its Gauss map, see
[4, Theorem 9] or [20, Theorem 1]. This Alexandrov theorem, in particular, contains the
uniqueness of the solution to the classical Christoffel and Minkowski problems for convex
surfaces in R3; see Section 5 for more details.
(3) The theorem by the authors [13] that if two immersed spheres Σ1,Σ2 in R3 have the same
mean curvature at points with corresponding unit normals and Σ1 is strictly convex, then
Σ2 is a translation of Σ1.
(4) The solution to the anisotropic Hopf problem by Koiso and Palmer [21], i.e. the result
that any sphere in R3 with constant anisotropic mean curvature is similar to the Wulff
shape of the corresponding functional.
Observe that Theorem 2.4 actually implies that the Koiso-Palmer theorem on uniqueness of the
Wulff shape holds not only for the anisotropic mean curvature, but also for arbitrary smooth elliptic
anisotropic Weingarten functionals.
The first three theorems mentioned above are unified and generalized in a substantial way by
the general corollary to Theorem 2.4 that we present below, and that also contains as particular
cases some previously known uniqueness results for CMC spheres in homogeneous three-manifolds
(see e.g. Theorem 4.7 in [11] and the uniqueness statement of Theorem 4.1 in [29]).
In the next corollary, M is a simply connected homogeneous three-manifold not isometric to
S2(κ)×R. Thus M can be seen as a Lie group endowed with a left-invariant metric (see e.g. [27])
and, as explained in Section 2, we can define for any immersed surface Σ in M its left invariant
Gauss map η : Σ → S2, where S2 is identified with the space of unit vectors of the Lie algebra of
M . When M is R3 with its usual abelian Lie group structure, η is just the usual Gauss map for
surfaces in R3. As usual, we denote by κ1 ≥ κ2 the principal curvatures of a surface in M .
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Corollary 4.1. Let Σ1,Σ2 be immersed spheres in M satisfying the prescribed curvature
equation
(4.1) W(κ1, κ2, η) = 0,
where, for each fixed ξ0 ∈ S2, the function W(x, y, ξ0) is C1,α, symmetric (i.e. W(x, y, ξ0) =
W(y, x, ξ0)) and satisfies the ellipticity condition
(4.2)
∂W
∂x
∂W
∂y
> 0.
Then, if the Gauss map of Σ1 is a diffeomorphism, Σ2 is a left translation of Σ1.
Proof. Since the Gauss map of Σ1 is a diffeomorphism, the family S of all left translations
of Σ1 defines a transitive family S in M (see Example 2.2). Every Σ ∈ S trivially satisfies (4.1).
In addition, because of the condition (4.2) and the symmetry of W, the equation (4.1) can be
written locally over each tangent plane as a C1,α elliptic PDE (this is explained, for instance, in
Alexandrov [4]). Thus, the class of surfaces in M that satisfy (4.1) is modeled by an elliptic PDE
as in Definition 2.1, and contains the family S. By Theorem 2.4 any immersed sphere Σ2 in this
class is an element of the transitive family S, i.e. a left translation of Σ1. 
Further applications of Theorem 2.4 will be discussed elsewhere (see also [14]).
5. The Alexandrov conjecture
A fundamental problem from classical differential geometry is the study of surfaces in R3
that satisfy some prescribed relation Φ(κ1, κ2, η) = 0 between their principal curvatures and Gauss
map. If Φ is C1 and the ellipticity condition Φκ1Φκ2 > 0 holds, the problem of classifying immersed
spheres satisfying this equation has been deeply studied. In this sense, we may distinguish two
lines of inquiry.
The first one goes back to the well-known Christoffel and Minkowski problems, and studies
existence and uniqueness of ovaloids in R3 satisfying equation Φ(κ1, κ2, η) = 0. By combined efforts
of Lewy [26], Alexandrov [3, 4], Pogorelov [30, 31] or Hartman and Wintner [22] among others,
the uniqueness of immersed spheres that are solutions to Φ(κ1, κ2, η) = 0 is well understood if
we restrict to closed spheres of positive curvature and elliptic functionals (see Remark 5.2 below).
As regards some more recent important advances on this problem in arbitrary dimension, we may
quote [17, 18, 19, 16] (see also [12] for the case of hyperbolic space Hn+1).
The second line of inquiry refers to the case Φ = Φ(κ1, κ2) ∈ C1 and Φκ1Φκ2 > 0, which
corresponds to the class of elliptic Weingarten surfaces in R3, that obviously includes the case
of CMC surfaces. The problem of whether round spheres in R3 are the only elliptic Weingarten
spheres immersed in R3 has been studied by many authors, and partial solutions to this problem
have been obtained, among others, by Hopf [25], Chern [10], Hartman and Wintner [23], Pogorelov
[30, 31] or Alexandrov [4, 6].
In the 1956 paper that opened his famous series Uniqueness theorems for surfaces in the
large, A.D. Alexandrov [4] conjectured a uniqueness result that would strongly generalize all these
previously known theorems on uniqueness of spheres in R3. If true, the conjecture would imply
that if a strictly convex sphere S ⊂ R3 satisfies an elliptic curvature equation Φ(κ1, κ2, η) = 0 (with
Φ ∈ C1 not necessarily symmetric in κ1, κ2), then any other immersed sphere in R3 satisfying this
equation is a translation of S. We prove this Alexandrov conjecture next.
Theorem 5.1 (Alexandrov’s conjecture). Let S ⊂ R3 be a closed surface of positive curvature,
and Φ = Φ(k1, k2, x) : R2 × S2 → R be C1 with respect to k1, k2, and such that
(5.1)
∂Φ
∂k1
∂Φ
∂k2
> 0
on the subset Ω ⊂ R2 × S2 given by
(5.2) Ω = {(λκ01(p), λκ02(p), η0(p)) ∈ R2 × S2 : p ∈ S, λ ∈ R},
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where η0 : S → S2 is the inner unit normal of S, and κ01 ≥ κ02 : S → R are its principal curvatures.
Let f : S2 → R be the function defined by
(5.3) Φ(κ01(p), κ
0
2(p), η
0(p)) = f(η0(p)) ∀p ∈ S.
Then any other compact oriented surface of genus zero Σ immersed in R3 whose Gauss map
η and principal curvatures κ1 ≥ κ2 satisfy
(5.4) Φ(κ1(p), κ2(p), η(p)) = f(η(p)) ∀p ∈ Σ
is a translation of S.
Proof. Fix Φ, f, S as in the statement. By convexity, the family S = {S + a : a ∈ R3}
constitutes a smooth transitive family of surfaces in R3. However, we cannot apply Theorem 2.4
as we did in Corollary 4.1 because the class B of surfaces Σ in R3 that satisfy (5.4) is not modeled
by an elliptic PDE, for two reasons:
(1) The ellipticity condition (5.1) for (5.4) only holds on the set Ω given by (5.2).
(2) Equation (5.4) is not of class C1,α. More specifically, even if Φ and f were of class C∞,
equation (5.4) would still be defined in terms of κ1, κ2, which are not necessarily C
1 at
the umbilics of Σ. Hence, when we view Σ as a graph z = z(x, y) in local coordinates
around an umbilic, the PDE in which (5.4) translates would still not be C1,α in general.
This is a key problem.
We should also point out that the function Φ(k1, k2, x) is not assumed to depend even continuously
on x. For example, Φ(k1, k2, x) could be given by k1 + k2 in some directions x ∈ S2 and by k1k2
in some others.
We circumvent these difficulties by modifying some arguments in the proof of Theorem 2.4,
and through the use of more sophisticated theorems for elliptic PDEs in dimension two. First
of all, observe that since S has positive curvature and is oriented by its inner unit normal, IIS
is positive definite. This implies that if Σ is an immersed oriented surface in R3, the smooth
symmetric bilinear form M defined in the proof of Theorem 2.4 is a Riemannian metric on Σ.
Let now σ : TΣ × TΣ → C∞(Σ) be given by (3.3), and let T : X(Σ) → X(Σ) denote the
smooth endomorphism, self-adjoint with respect to M, given by
(5.5) M(T (X), Y ) = II(X,Y ) ∀X,Y ∈ X(Σ).
Note that a homothety 1λS of S also defines a transitive family of surfaces Sλ in R3 which changesM to λM on Σ. Then, it easily follows from (3.3), (5.5) that T is proportional to the identity at
a point q ∈ Σ if and only if Σ has at q a contact of order at least two with some element of Sλ for
some λ > 0. Let U ⊂ Σ be the set of points where this happens. Then T defines on Σ \ U two
smooth line fields, given by the eigendirections of T ; they are mutually orthogonal with respect to
M. Note that U can be regarded as the set of singularities in Σ of these smooth line fields.
We prove next that if Σ satisfies (5.4), then U = {p ∈ Σ : σ(p) = 0}. Indeed, let p ∈ U and
consider the translation of S that has an oriented tangent contact with Σ at p; we keep denoting
this translated surface by S. Then (κ1(p), κ2(p), η(p)) = (λκ
0
1(p), λκ
0
2(p), η
0(p)) for some λ > 0;
in particular (5.1) holds at p. Noting that η0(p) = η(p), the monotonicity properties of Φ with
respect to k1, k2 implied by (5.1) show that
Φ(κ1(p), κ2(p), η(p)) = f(η(p)) = Φ(κ
0
1(p), κ
0
2(p), η
0(p))
is impossible unless λ = 1, i.e. unless S makes a contact of order at least two with Σ at p. This is
equivalent to σ(p) = 0.
Take now p ∈ U , and assume that σ 6≡ 0 around p. Since Σ, S have a contact of order at
least two at p and S has positive curvature, so does Σ. Consider coordinates (x, y, z) in R3 so
that p = (0, 0, 0), and that TpΣ is the z = 0 plane. Denote Σ around the origin as an immersion
ψ = (ψ1, ψ2, ψ3), with unit normal η. The classical Legendre transform of ψ is
Lψ =
(
−η1
η3
,−η2
η3
,−ψ1 η1
η3
− ψ2 η2
η3
− ψ3
)
.
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Lψ is a graph around the origin, that we may write as (x, y, h(x, y)). If we now view the immersion
ψ as a map ψ = ψ(x, y) in these coordinates, a computation shows that:
(1) ψ(x, y) = (hx, hy,−h+ xhx + yhy) and η(x, y) = (−x,−y,1)√
1+x2+y2
.
(2) The second fundamental form of ψ is II = 1√
1+x2+y2
∇2h.
(3) The principal curvatures of ψ are given by κi = Ψ
i(x, y, hxx, hxy, hyy), where Ψ
i(x, y, r, s, t),
i = 1, 2, are continuous, and C1 except on the set R ⊂ R5
(5.6) (r(1 + x2) + t(1 + y2) + 2sxy)2 − 4(rt− s2)(1 + x2 + y2) = 0.
For every (x, y) fixed, R is a straight line in R3 (in (r, s, t)-coordinates) passing through
the origin.
The same process we have just done for Σ can be equally done for S; we denote the quantities
associated to S by ψ0, η0, h0(x, y), etc. Note, in particular, that η(x, y) = η0(x, y) = (−x,−y,1)√
1+x2+y2
.
In this way, M = 1√
1+x2+y2
∇2h0, and from (3.3),
(5.7) σ =
1√
1 + x2 + y2
(
%xx %xy
%xy %yy
)
, % := h− h0.
Note that the Hessian matrix of % is not identically zero, since σ 6≡ 0 around p.
In addition, observe that we may rewrite equation (5.4) as
(5.8) F (x, y, hxx, hxy, hyy) = F (x, y, h
0
xx, h
0
xy, h
0
yy),
where F = F (x, y, r, s, t) is, for each (x, y) fixed, of class C1 with respect to r, s, t except at points
of R.
Equation (5.4) is uniformly elliptic on small compact regions where 0 < c ≤ Φki ≤ C. For
our parameters (x, y), by (5.1), this implies that there exists a closed ball W ⊂ R5 around α0 :=
(0, 0, hxx(0, 0), hxy(0, 0), hyy(0, 0)) and positive constants Λ̂i such that
(5.9) Λ̂1(ξ
2
1 + ξ
2
2) ≤
∂F
∂r
ξ21 +
∂F
∂s
ξ1ξ2 +
∂F
∂t
ξ22 ≤ Λ̂2(ξ21 + ξ22),
for every (ξ1, ξ2) ∈ R2 and at every point in W −R.
Consider now a small disk D ⊂ R2 so that {(x, y, hxx, hxy, hyy) : (x, y) ∈ D} ⊂ W, and so
that the same property holds for (x, y, h0xx, h
0
xy, h
0
yy). In what follows we denote r = hxx(x, y),
r0 = h0xx(x, y), etc. We distinguish two possible cases for (x, y) ∈ D:
Case 1: (x, y, r, s, t) and (x, y, r0, s0, t0) do not both satisfy (5.6). In that case, the segment
joining both points in W meets the line R defined by (5.6) in at most one point. Thus, by (5.8),
% := h− h0 satisfies at (x, y) the linear PDE
(5.10) a11%xx + 2a12%xy + a22%yy = 0,
where a11(x, y) =
∫ 1
0
∂F
∂r (x, y, rτ , sτ , tτ )dτ, being rτ := (1− τ)r + τr0, etc.
Case 2: (x, y, r, s, t) and (x, y, r0, s0, t0) both satisfy (5.6), i.e. both lie in R. Therefore,
(κ1(x, y), κ2(x, y)) = λ(κ
0
1(x, y), κ
0
2(x, y)) for some λ > 0. As Φ(κ1, κ2, η) = Φ(κ
0
1, κ
0
2, η), the
condition Φk1Φk2 > 0 implies λ = 1. This means that ∇2%(x, y) = 0, so taking a11(x, y) =
a22(x, y) = 1, a12(x, y) = 0 we see that % := h− h0 satisfies (5.10) at (x, y).
To sum up: % := h − h0 satisfies in D the linear PDE (5.10), where the coefficients aij(x, y)
might not be continuous but satisfy (by (5.9)) the uniform ellipticity condition
(5.11) Λ1(ξ
2
1 + ξ
2
2) ≤
∑
aij(x, y)ξiξj ≤ Λ2(ξ21 + ξ22),
for every (x, y) ∈ D and every (ξ1, ξ2) ∈ R2, where Λ1 := min{1, Λ̂1}, Λ2 := max{1, Λ̂2}.
From (5.11) we can clearly assume in (5.10) that a11 + a22 = 2, that a11 > 0 and that
a11a22 − a212 ≥ c2 > 0 for some constant c ∈ (0, 1].
UNIQUENESS OF IMMERSED SPHERES 11
Let µ1 be given by a11 = 1− µ1 (thus, a22 = 1 + µ1), let µ2 := −a12, and rewrite (5.10) as
(5.12) %xx + %yy = µ1(%xx − %yy) + 2µ2%xy.
By a11a22 − a212 ≥ c2 > 0 we have µ21 + µ22 ≤ 1− c2, so by Cauchy-Schwarz,
(%xx + %yy)
2 ≤ (1− c2)((%xx − %yy)2 + 4%2xy),
which can be rewritten as
(5.13) %xx%yy − %2xy ≤ −ε2(%xx + %yy)2,
(
ε2 =
c2
4(1− c2)
)
.
On the other hand, (5.10) satisfies the conditions of the Bers-Nirenberg representation in [9].
As S,Σ are smooth, % ∈ C∞, % 6≡ 0, so the Bers-Nirenberg strong unique continuation principle
implies %(x, y) = w(x, y) + o(
√
x2 + y2)k, where w(x, y) is a homogeneous polynomial of degree
k ≥ 3, since Σ, S have at p a contact of order at least two. Therefore, from (5.13),
(5.14)
wxxwyy − w2xy
(wxx + wyy)2
≤ −ε2 < 0,
unless wxx+wyy = 0 (if wxx+wyy = 0, we can argue directly that wxxwyy−w2xy < 0 on R2\{(0, 0}).
By the fundamental theorem of algebra,
(5.15) w(x, y) = w0(x, y)Π
l
j=1(αjx+ βjy)
mj
where w0(x, y) is a homogeneous polynomial without zeros, mj ∈ N, mj > 0, and any two vectors
(αi, βi), (αj , βj) are not collinear if i 6= j. A computation shows that if mj > 1 for some j, the
left-hand side of (5.14) is zero along the line αjx + βjy = 0. This contradicts (5.14). So, mj = 1
for all j ∈ {1, l} in (5.15). In particular, wxx, wxy, wyy only vanish simultaneously at the origin,
by homogeneity. By (5.14), this implies that wxxwyy − w2xy < 0 on R2 \ {(0, 0)}.
As a consequence, %xx%yy−%2xy < 0 on the punctured disk D∗, choosing D smaller if necessary.
By (5.7), we deduce that σ is a Lorentzian metric on D∗; in particular, the null fields of σ are well
defined on D∗ and have an isolated singularity at the origin. These null fields are given by
(5.16) %xxdx
2 + 2%xydxdy + %yydy
2 = 0,
and have the same index around (0, 0). Note that since %xx%yy − %2xy < 0 on D∗, the origin is an
isolated critical point of %x. It is then well known in index theory that the index of the null fields
of (5.16) is non-positive if and only if the index of ∇%x := (%xx, %xy) is non-positive (see e.g. [25,
p.167]). As % is a solution to (5.10), it follows from the Bers-Nirenberg representation that %x, %y
do not have local extrema in D, see e.g. [8, p.262]. This implies by an easy geometric argument
that the index of the gradient of %x around the origin is non-positive. We conclude then that the
index of each null field of σ around p is also non-positive.
Note that, by a connectedness argument as in the proof of Theorem 2.4, we have also shown
that if σ 6≡ 0 on Σ, the zeros of σ are isolated. However, σ is not a Lorentzian metric with
isolated singularities on Σ, because the ellipticity condition (5.1) is not global on Σ. So, we do
not work with the null fields of σ, but with the eigendirections of the operator T instead. By our
previous arguments, these eigendirections are defined on the complement of the zeros of σ, which
are isolated. Note that by (5.5)
M((T − Id)(X), Y ) = σ(X,Y ).
A simple calculation using this equation shows that, at points where σ is a Lorentzian metric, the
eigendirections of T − Id bisect (with respect to the Riemannian metric M) the null directions of
σ. This indicates that the index of the eigendirections of T around any zero p of σ coincides with
the index of the null fields of σ at p, which is non-positive.
All of this together shows that in case σ 6≡ 0 on Σ, the eigenspaces of T provide two line fields
on Σ with isolated singularities of non-positive index. This is impossible by the Poincare´-Hopf
theorem, since Σ is diffeomorphic to S2. Therefore σ vanishes identically, and this implies as in
Theorem 2.4 that Σ is a translation of S. This concludes the proof. 
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Remark 5.2. Alexandrov conjectured the validity of Theorem 5.1 in page 350 of [4], after
announcing that Theorem 5.1 holds under the additional, “ certainly superfluous” hypothesis that
both Σ, S are real analytic (see [4, Theorem 8]). Alexandrov also announced (Theorem 9 in [4]) that
Theorem 5.1 holds provided Σ is also strictly convex, or at least is such that the spherical image of
its region of negative curvature does not cover the sphere, and claimed that the proof was “ more
complicated here than in the preceding cases” of theorems also announced there. However, he did
not supply a proof for these two theorems in the series of papers that [4] initiated; this contrasts
with the rest of results announced in [4].
A proof of Theorem 5.1 in the particular case that Σ is also strictly convex and the ellipticity
condition (5.1) holds globally on R2 × S2 (but under weaker regularity conditions) was recently
found by Guan, Wang and Zhang [20], generalizing previous theorems by Alexandrov, Pogorelov
and Hartman-Wintner ([3, 4, 30, 22]; see also [20] for a historical account of the problem). In
[13] the authors proved Theorem 5.1 for the particular case of prescribed mean curvature, i.e. for
the choice Φ(k1, k2, x) = k1 + k2.
Theorem 5.1 is not true if S does not have positive curvature; see [13, Example 5.1].
Recall that a Weingarten surface in R3 is an immersed oriented surface whose principal cur-
vatures κ1 ≥ κ2 satisfy a C1 relation W (κ1, κ2) = 0. If Wκ1Wκ2 > 0, we say that Σ is an elliptic
Weingarten surface, since this inequality is precisely the ellipticity condition for the PDE associated
to W (κ1, κ2) = 0.
An immediate consequence of Theorem 5.1 is the result that round spheres are the only elliptic
Weingarten spheres immersed in R3. This settles another classical problem. In the embedded case,
the result was proved by Alexandrov via the reflection principle [4, 6]. For real analytic surfaces,
the result follows from work by Voss [32]. In the non-analytic, non-embedded case, the result was
previously known only for the special case that W is symmetric, i.e. when W (κ1, κ2) = W (κ2, κ1),
after works of Hopf, Hartman-Wintner and Chern (see [25, 23, 10]). This symmetry condition
is equivalent to the possibility of rewriting W (κ1, κ2) = 0 locally as F (H,K) = 0 for some C
1
function F , where H,K are the mean and Gaussian curvatures of the surface. Without this
symmetry condition at umbilical points, the elliptic PDE associated to the equation W (κ1, κ2) = 0
is not of class C1 at these points, and the arguments of Hopf, Hartman-Wintner and Chern are
not applicable. For example, the statement that spheres of radius one are the unique immersed
spheres in R3 whose principal curvatures satisfy the relation κ1 + 2κ2 = 3 is not covered by all
these classical theorems, but is a particular case of the Corollary below:
Corollary 5.3. Let Σ be an immersed sphere in R3. Assume that, in a neighborhood of each
umbilical point of Σ, the principal curvatures κ1 ≥ κ2 satisfy a C1 relation W (κ1, κ2) = 0 with
Wκ1Wκ2 > 0. Then Σ is a round sphere.
In particular, round spheres are the only elliptic Weingarten spheres immersed in R3.
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